Wavelet decompositions are based on basis functions satisfying refinement equations. The stability, linear independence and orthogonality of the integer translates of basis functions play an essential role in the study of wavelets. In this paper we characterize these properties in terms of the mask sequence in the refinement equation satisfied by the basis function.
Introduction
The purpose of this paper is to investigate the stability, linear independence and orthogonality of the integer translates of a refinable function. These concepts play an essential role in the study of wavelet decompositions.
A locally integrable function φ is said to be refinable if it satisfies a refinement equation
where b : ZZ → C is a sequence and is called the mask for the refinement equation (1) .
Throughout this paper we assume that φ is compactly supported and b is supported on a finite set, i.e., b(j) = 0 except for finitely many j ∈ ZZ. The Fourier-Laplace transform of φ is defined to beφ (ζ) := IR φ(x)e −ixζ dx (ζ ∈ C).
Here and throughout this paper i denotes the imaginary unit √ −1. Restricted to IR,φ becomes the Fourier transform of φ.
As usual, for 1 ≤ p ≤ ∞, we denote by L p (IR) the Banach space of all complex-valued functions f for which
We denote by L p c (IR) the subspace consisting of all compactly supported functions in L p (IR). Analogously, let p (ZZ) (1 ≤ p ≤ ∞) be the Banach space of all complex-valued sequences a = a(j) j∈Z Z for which
We observe that L 2 (IR) is a Hilbert space with the inner product given by f, g :=
IR
f (x)g(x) dx.
Let now φ be a function in L (see [13] ).
It is well known that a function φ ∈ L 2 c (IR) has orthonormal integer translates if and only if
If φ further satisfies the refinement equation (1), then it is desirable to characterize the orthogonality of the integer translates of φ in terms of the mask b. To this end, we take
Fourier-Laplace transforms of both sides of (1) and obtain
whereb(z) is the symbol of b:
Let
Then H is a 2π-periodic function. It was shown in [13] , [7] and [12] that the following conditions are necessary for φ to have orthogonal integer translates:
However, these conditions are not sufficient. A counterexample was provided in [7] and [12] .
Let φ be the characteristic function of the interval [0, 3). Then φ satisfies the refinement equation (1) with H(ω) = (1 + e −i3ω )/2 (ω ∈ IR), which meets the conditions (5) and (6).
But φ is not orthogonal to φ(· − 1). 
In other words, the integer translates of φ are stable if the collection {φ(· − j) : j ∈ ZZ} is an unconditional basis for the subspace of L 2 (IR) generated by them. Cohen's result can be interpreted as follows: A refinable function φ withφ(0) = 1 has orthonormal integer translates if and only if φ has stable integer translates and the corresponding function H satisfies the condition (6) . Thus the problem reduces to characterizing the stability of the integer translates of a refinable function in terms of its mask.
Stability itself plays an important role in multiresolution analysis as introduced by
Mallat [12] . Given a refinable function φ ∈ L 2 c (IR), let
Then the sequence (V j ) j∈Z Z forms a multiresolution approximation of L 2 (IR) if and only if φ has stable integer translates. This result has been extended by Jia and Micchelli [10] to functions in several variables.
Linear independence is a concept closely related to stability. This concept is useful in constructing wavelet decompositions by some algebraic tools (see [14] and [10] ). In the next section we shall demonstrate that orthogonality implies linear independence, and linear independence implies stability.
The main results of this paper are the characterizations of the stability, linear independence and orthogonality of the integer translates of a refinable function in terms of the zero distribution of the symbol of the mask. We shall also give several examples to illustrate these results.
Stability and Linear Independence
In this section, we study the stability and linear independence of a compactly supported distribution in terms of its Fourier-Laplace transform.
We may generalize the concept of stability as follows. Let φ ∈ L p c (IR) (1 ≤ p ≤ ∞). We say that the integer translates φ(· − j) (j ∈ ZZ) are p -stable, if there exist positive constants A p and B p such that for any sequence a ∈ p (ZZ),
In other words, the integer translates of φ are p -stable if the collection {φ(· − j) : j ∈ ZZ} is an unconditional basis for the subspace of L p (IR) generated by them. Note that the second inequality in (8) 
where 0 means the zero sequence on ZZ. It is less known that (9) is also equivalent to the p -stability of the integer translates of φ ∈ L p c (IR) for any p, 1 ≤ p ≤ ∞. For this, see [9] and [10] .
We observe that the condition (9) does not depend on p. Moreover, (9) does not require that φ ∈ L p c (IR). Indeed, if φ is a compactly supported distribution, then its Fourier-Laplace transformφ is an entire function on C. Thus we may say that a compactly supported distribution φ has stable integer translates if its Fourier transformφ satisfies the condition (9).
To introduce the concept of linear independence, we denote by (ZZ) the linear space of all complex-valued sequences on ZZ, and consider the subspace N (φ) of (ZZ) given by
If N (φ) is trivial, i.e., N (φ) = {0}, then we say that the integer translates of φ are linearly independent. Let
When φ is a compactly supported continuous function, Dahmen and Micchelli [5] showed that N (φ) is trivial if and only if K(φ) is empty. Ron [15] extended their result to the case in which φ could be a compactly supported distribution and observed that e iζ ∈ K(φ) if 
Note that (11) is equivalent to K(φ) = ∅, while (9) is equivalent to K(φ) ∩ T = ∅, where T is the unit circle {z ∈ C : |z| = 1}. Since φ is a distribution on IR, we deduce from [15, Proposition 2.1] that there is a Laurent polynomial p on C such that
The Laurent polynomial p is nonzero as long as φ is not identically zero. This shows that K(φ) is a finite set unless φ is identically zero.
Comparing (11) with (9), we see that linear independence implies stability. Moreover,
c (IR) has orthonormal integer translates, then these integer translates are linearly independent. To see this, let a be a sequence on ZZ such that f := j∈Z Z a(j)φ(· − j) = 0.
Then by the orthonormality, we have
The function φ given below is an example of a refinable function whose integer translates are linearly independent but not orthogonal:
elsewhere.
Admittedly, the inequality (8) does not make any sense when φ is not a function in L p (IR). However, it is convenient and useful to consider distribution solutions to the refinement equation (1) . For example, as was pointed out by Strang [16] , the Dirac measure
δ satisfies the refinement equation (1) with the mask b given by b(j) = 2δ 0j . In general,
Daubechies [8] proved that if j∈Z Z b(j) = 2, i.e., H(0) = 1, then the infinite product
converges uniformly on compact sets to an entire function f (ζ) on C for which there exist positive constants A, C and an integer N ≥ 0 such that
Then by the Paley-Wiener-Schwartz theorem, f is the Fourier-Laplace transform of some compactly supported distribution φ 1 . From the construction of φ 1 , we see thatφ
Therefore φ 1 satisfies the refinement equation (1) . Moreover, any solution φ of (1) satisfieŝ
In particular,φ(0) = 0 unlessφ is identically zero.
Main Results
In this section we state our main results and give several examples to illustrate them, leaving the proof to the next section.
To state our results we need to recall Euler's theorem from number theory ( e.g., see [11, Theorem 3.10] ). Euler's theorem says that if q and m are relatively prime integers,
where ϕ is the Euler function, i.e., ϕ(m) is the number of positive integers ≤ m which are relatively prime to m. Let h be the smallest positive integer such that
Then h is called the order of q (mod m), and is denoted by ord m q. It is well known that ord m q divides ϕ(m).
The following three theorems establish criteria for a refinable distribution to have stable, linearly independent, or orthogonal integer translates. In these theorems we assume that b is a finitely supported sequence on ZZ with j∈Z Z b(j) = 2,b(z) is the symbol of b as given in (3), and φ is the distribution solution to the refinement equation (1) 
Remark 3. The condition (12) is equivalent to (6) .
Before proving these theorems, we give several examples to illustrate them. that φ has orthogonal integer translates provided that H satisfies (5),(6) and the following condition:
Under the restriction that b is finitely supported, we can strengthen Mallat's result as follows: If H satisfies (5) and (6), and if
then φ has orthogonal integer translates. To see this, we let ω = e −iξ be a primitive mth Example 3. Let b be the sequence given by its symbol
Let φ be the unique solution to (1) with the mask b as given above satisfyingφ(0) = 1.
Then φ actually is a continuous function. To see this, we observe that for ξ ∈ IR,
Thus the function given by
. This shows that φ is continuous. Moreover, by Theorem 1, φ has stable integer translates. But, by Theorem 2, the integer translates of φ are linearly dependent, sincẽ b(z) has symmetric zeros ±i/ √ 2.
Proof of the Main Results
To prove Theorem 1 we need a lemma. Its proof employs [1, Lemma 6.6].
Lemma 1. Let φ be a nonzero compactly supported distribution satisfying the refinement equation (1) with j∈Z Z b(j) = 2, and let K(φ) be as given in (10) . Suppose thatb(z)
does not have any symmetric zeros in C\{0} (resp. on the unit circle T ). Then z ∈ K(φ) (resp. z ∈ K(φ) ∩ T ) only if z is a primitive mth root of unity for some odd integer m > 1.
In particular, z 0 = 1, becauseφ(0) = 0. By (2) we have that for all k ∈ ZZ,
and
By the hypothesis,b(z) does not have any symmetric zeros in C\{0}; hence at least one ofb(e −iζ 0 /2 ) andb(−e −iζ 0 /2 ) is nonzero. If z 0 = e iζ 0 ∈ T , then ζ 0 ∈ IR, so the above argument is valid under the weaker condition thatb(z) does not have any symmetric zeros on the unit circle T . This observation together with (13) and (14) tells us that either
In other words, either e iζ 0 /2 or e i(ζ 0 /2+π) is in K(φ). This shows that there exists z 1 ∈ K(φ)
such that z 2 1 = z 0 . Repeating this process, we can find a sequence (z n ) n=0,1,... in K(φ) such that z 2 n = z n−1 (n = 1, 2, . . .). But K(φ) is a finite set. Hence there must be integers r, s, 0 ≤ r < s such that z r = z s . Write ω = z s . Then
Note that ω = 1, for otherwise z 0 = ω Then ω has the form e −i2nπ/m , where n is an integer relatively prime to m. We claim that for all integers kφ (2nπ/m + 2kπ) = 0.
To prove (15), we pick an integer k and write n + km in the form 2 p q, where p is a nonnegative integer and q is an odd integer. We observe from (2) that
Hence in order to prove (15) it suffices to show thatb(e −iqπ/m ) = 0. For this purpose, we invoke Euler's theorem to find an integer r > p such that 2 r ≡ 1 (mod m). It follows that
In other words, q − 2 r−p n = m for some integer . The integer must be odd, for q is odd, while 2 r−p n is even. From this we see that
where d = r − p − 1. This completes the proof of the necessity part.
Third, we prove that the conditions (1 • ) and (2 • ) are sufficient for φ to have stable integer translates. We claim that ifb(z) does not have any symmetric zeros on the unit circle T , and if m and n are two relatively prime integers with m > 1 being odd, then
To this end, we observe that e i(2πn/m+π) is not an odd root of unity, hence by Lemma 1 it does not belong to K(φ). This shows that there exists an integer k such that
Since e i4πn/m ∈ K(φ), we havê φ(4πn/m + 2jπ) = 0 for all j ∈ ZZ.
By (2) In this paper, however, we also characterized the stability and linear independence of the integer translates of a refinable function, and clarified the relationship among stability, linear independence and orthogonality.
